
Quantum MehanisSeptember 17, 2010Work 4 (and only 4) of the 5 problems. Please put eah problem solution on a separate sheetof paper and your name on eah sheet. Problem 11. Consider a harmoni osillator in 11 dimensions
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ka. What is the spetrum of H?(note: when you write En = ..., please be spei� about the values of n)b. What is the degeneray of the 1st exited state?. What is the degeneray of the 2nd exited state?

2. onsider the two Hamiltonians
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.a. What ondition does c have to satisfy so that the H has a bound state (ground stateenergy E0 < 0)? Brie�y explain your answer.b. Assuming the parameters in this problem are suh that both H and H̃ have boundstates (with ground state energies E0 and Ẽ0 respetively). Whih of the followingstatement is true

O 0 > E0 > Ẽ0

O 0 > E0 = Ẽ0

O E0 < Ẽ0 < 0

O Impossible to ompare without further information about the numerial valuesof a, c,m,RBrie�y explain your answer.
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Problem 2Consider a partile of mass m moving in one dimension in a potential given by
V = V0 for x < 0; V0 > 0

V = 0 for 0 ≤ x ≤ a

V = ∞ for x > aa) First onsider the limit as V0 −→ ∞. Find the energies of the allowed states, En, underthese onditions.Now take the ase for V0 �nite but very large. Consider only values of n for whih En/V0 << 1.b) Find the (transendental) equation whih will allow the alulation of these new bound stateenergies, E ′

n, (in terms of momenta, k′n where E ′

n = ~2

2m
k′2n).) Find the transendental equation for the shift, δn ≡ k′n − kn. in momentum from the valuesfound in part a,d) Expand the result in part  to �rst order in δn to get an approximate solution for the energyshift,

∆En ≡ E ′

n − En.e) Show that the frational energy shift, ∆En/En is independent of n. Find this frational shift.
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Problem 3Two idential non-interating partiles are in an isotropi harmoni potential. Show that thedegeneraies of the three lowest energy levels are:(a) 1, 12, 39, if the partiles have spin 1
2(b) 6, 27, 99, if the partiles have spin 1.



.



Problem 4The spinless, neutral partile K and its antipartile K̄ an onvert into eah other through aweak interation: K ⇄ K̄ and therefore a state produed initially as |ψ(0) >= |K > at t = 0will in general be a mixture of |K > and |K̄ > at time t. Furthermore, the linear ombination
|KS >≡

1√
2

[

|K > +|K̄ >
]has a muh shorter lifetime, τS, than the orthogonal state |KL >: τS ≪ τL. (Here, lifetime isde�ned in the usual sense: after a time t, measured in the partiles rest frame, out of an initialnumber N(0) there will remain N(t) = N(0)e−t/τ partiles.) The masses of the two states are

mS and mL, respetively.(a) Write expressions for the amplitudes Ai(t), i = S, L for the two states in terms of theso-alled widths Γi ≡ ~/τ the masses mi, and the initial amplitudes Ai(0) at t = 0, where
t is measured at the orresponding state's rest frame. (Hint: What is the total energy ofa partile in its rest frame?) (2 points)(b) Consider a state that is produed at t = 0 as pure K. Calulate the probability P (K̄; t)that the state will be K̄ after a time t. (3 points)() After a time t ≫ τS, the |KS > state has essentially disappeared. What is the state |ψ >at this point, in terms of |K > and |K̄ >? (2 points)(d) The states |K > and |K̄ >, being those of a partile and its antipartile, interat di�erentlywith matter. De�ne f and f̄ to be the probabilities that a K or a K̄ will be absorbed (andtherefore disappear) if the state in () passes through a given amount of matter. Explainwhy the long-vanished, short-lived state |KS > will reappear under these onditions andalulate the ontent of KS in this �nal state, i.e., the probability that this state will bea KS. (3 points)
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Problem 5Consider an eletron onstrained to move on the surfae of a sphere of radius r0. The Hamil-tonian for suh motion onsists of a kineti energy term only and is given by
H0 =

L2

2mer2
0where L is the orbital angular momentum operator involving derivatives with respet to thespherial polar oordinates θ, φ. H0 has the omplete set of eigenfuntions

ψ
(0)
lm = Yl,m(θ, φ)a. Compute the energy levels of this system in the absene of any perturbation.b. A uniform eletri �eld is applied along the z-axis, introduing a perturbation

V = −eǫz = −eǫr0 cos θwhere ǫ is the strength of the �eld. Evaluate the orretion to the energy of the lowestlevel through seond-order perturbation theory, using the identity
cos θ Yl,m(θ, φ) =
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Yl−1,m(θ, φ)Note that the identity enables you to utilize the orthonormality of the spherial harmonis.. The eletri polarizability α gives the response of a moleule to an externally appliedeletri �eld and is de�ned by
α = −∂

2E

∂ǫ2where E is the energy in the presene of the �eld and ǫ is the strength of the �eld.Calulate α for this system.d. Use this problem as a model to estimate the polarizability of a hydrogen atom, where
r0 = a0 = 0.529Å, and a esium atom, whih has a single 6s eletron with r0 ≈ 2.60Å.


