
Quantum Me
hani
sAugust 24, 2012Work 4 (and only 4) of the 5 problems. Please put ea
h problem solution ona separate sheet of paper and your name on ea
h sheet.Problem 1Consider a quantum system whi
h 
an exist in two states �A� and �B� andwhi
h 
an transition (de
ay) from A to B. Most 
ommonly su
h a de
ay is
onsidered to obey the �exponential de
ay law� where the probability of thesystem remaining in the state A at time t is given by
P (t) = e−λtwhere λ is a 
onstant whi
h depends on the details of the system.The solution of the quantum me
hani
al problem gives, in some 
ases, otherpossible de
ay laws. These predi
tions are rarely, if ever, seen in experiments.Suppose, however, a probability expression whi
h is more general than thatin the equation above (i.e. a non-exponential de
ay law) and 
onsider thefollowing experiment.The state of the system is monitored 
ontinually at very short equal timeintervals, δ. until, at the nth interval, it is observed to transition to state B.This pro
ess is repeated many times and the distribution of events as a fun
-tion of n (or t = nδ) is a

umulated. What will be the de
ay law observed,

Po(t) for any given fundamental law P (t)? That is, �nd the experimentallyobserved de
ay law as a fun
tion of the fundamental law.Use your general expression to evaluate the observed law in the 
ase of afundamental exponential law.



Problem 2Elasti
 s
attering in Born approximation:a.) Consider s
attering of a parti
le of massm o� a potential with a dis
retetranslational invarian
e, V (~r + ~R) = V (~r), where ~R is a given, �xedve
tor. Show that, in �rst Born approximation, s
attering 
an onlyo

ur in the dire
tions de�ned by the 
ondition (~k − ~k′) · ~R = 2πnwith integer n, where ~k is the in
ident wave ve
tor and ~k′ the waveve
tor of the s
attered wave. Note that not all values of n need to givenon-vanishing 
ontributions.b.) Consider now the spe
i�
 potential
V = e−b(x2+y2)e−az2

sinQz(whi
h for a → 0 be
omes of the form dis
ussed above; for �nite a,the periodi
 array is 
ut o� by the Gaussian envelope). Cal
ulate thes
attering amplitude in �rst Born approximation for arbitrary ~k and ~k′.Che
k that the behavior is 
onsistent with the one dis
ussed in a.) for
a→ 0.
.) For the spe
ial 
ase b = a, use your result from b.) to 
al
ulate the total
ross se
tion for s
attering of an in
oming wave propagating spe
i�
allyin the positive z-dire
tion.



Problem 3Consider the solution of the one-dimensional S
hrödinger equation with apotential
V (x) = 4

~
2

2m
α2x2 −∞ < x <∞a) Find the exa
t solution for the energy of the ground state. (2 pts)b) Find the variational value for the energy of the ground state using thetrial wave fun
tion

ψT (r) ∝ 1

b2 + x2Use b as the variational parameter. How does the fra
tional error depend on
α. (8 pts)You might �nd useful the expression

∫ ∞

−∞

dx

(b2 + x2)n
=
π1 · 3 · 5 · · · (2n− 3)

2n−1b2n−1(n− 1)!



Problem 4We are all familiar with the one-dimensional harmoni
 os
illator, whi
h 
anbe written in terms of 
reation and annihilation operators b+ and b−, obey-ing the 
ommutation relations [b−, b+] = 1, [b+, b+] = [b−, b−] = 0: theHamiltonian 
an be written as HB = 1
2ω {b+, b−} (we use units su
h that

~ = 1). We 
an de�ne an alternative harmoni
 os
illator in terms of 
reationand annihilation operators f+ and f− whi
h obey similar anti
ommutationrelations {f−, f+} = 1, {f+, f+} = {f−, f−} = 0 we write the Hamiltonianas HF = 1
2ω [f+, f−]. Here f± a
t on the eigenstates of HF the same way b±a
t on those of HB:

f+ |nF 〉 =
√
nF + 1 |nF + 1〉

f− |nF 〉 =
√
nF |nF − 1〉 .Here nF is the quantum number de�ning the eigenstates of the Hamiltonian,analogous to the quantum number (whi
h we will write as nB) that de�nesthe states of the familiar harmoni
 os
illator.(a) Show that f+f− is a number operator, 
ounting the number of quanta

nF . (1 point)(b) Find the spe
trum of all possible values of nF . (1 point)(
) Based on the result of (b) and your knowledge of the 
orresponding spe
-trum for nB, whi
h you don't have to derive, justify why nF des
ribesfermioni
 quanta while nB des
ribes bosoni
 quanta. (1 point)(d) Find the energy spe
trum for HF . How does this 
ompare with thespe
trum of the more familiar harmoni
 os
illator HB? (Remember, weset ~ = 1.) (2 points)(e) Consider states |nB, nF 〉 ≡ |nB〉 ⊗ |nF 〉, 
onstru
ted by 
onvolving solu-tions of the two os
illators; nB is the number of bosoni
 quanta and nFthe number of fermioni
 quanta, write expressions for operators Q+ and
Q− a
ting on su
h states, the former transforming a bosoni
 quantuminto a fermioni
 one and the latter doing the opposite, in terms of b±and f±. (1 point)(f) Consider the Hamiltonian HS ≡ ω {Q+, Q−}. Show that it is invariantunder the inter
hange of a fermioni
 and a bosoni
 quantum. (Hint:Consider appropriate 
ommutators.) (2 points)(g) Find the energy spe
trum and the degenera
y of the eigenstates of HS.(Hint: Write HS in terms of HB and HF ). (2 points)



Problem 51) S
attering: a) In Rutherford s
attering (
lassi
ally), will a smaller impa
tparameter lead to a larger or smaller s
attering angle? (1 point)b) True or False? If the s
attering potential is spheri
ally symmetri
, so isthe s
attering amplitude. (1 point)
) More or less? As the energy in
reases, does one need to in
lude more orless partial waves in a partial wave expansion for the s
attering amplitude?(1 point)2) Parti
le in a magneti
 �eld: a parti
le moves through a homogeneousmagneti
 �eld (B, 0, 0) pointing in the x dire
tion, des
ribed by the Hamil-tonian
H =

1

2m

(

~p− e ~A
)2

with ~A =
1

2
~r × ~B.Whi
h of the following are 
onserved?

px

pz

Lx

Lz

~L2where ~L = ~r × ~p. (2 points)3. Identi
al parti
les: Would the wave fun
tion
ψ(~r1, ~r2) =

(

~r2
1 + ~r2

2 − ~r1 · ~r2
)

e−(~r1−~r2)
2be an �allowed� wave fun
tion for two identi
al spin 0 parti
les. Explain yourreasoning. (2 points)4. A parti
le moves inside a hollow spirally wound tube that is aligned alongthe ẑ axis (ẑ pointing to the right in the �gure). The potential is zero insidethe tube but has in�nitely high walls so that the parti
le is trapped inside.A short segment of the in�nitely long tube is shown in the �gure. The pit
h(displa
ement in the dire
tion of the tube axis per winding) of the tube is 1
m. Determine whi
h linear 
ombination of 
omponents of momentum andorbital angular momentum is 
onserved in this problem. (3 points)


