
Quantum Me
hani
sAugust 23, 2013Work 4 (and only 4) of the 5 problems. Please put ea
h problem solution ona separate sheet of paper and your name on ea
h sheet.Problem 1Consider the non-relativisti
 intera
tion of a parti
le of mass, m, and energy,
E, with a three dimensional potential well de�ned by

V (r) = −V0 for r ≤ R; V (r) = 0 for r > R.For notation use
K0 =

√

2mV0/~; k =
√

2mE/~Consider only the s-wave intera
tion.1) What is the 
ondition for a bound state in the well? Do not attempt tosolve for the energies.2) What are the values of V0 whi
h permit a bound state at zero energy?3) For positive values of E �nd an expression for the s-wave phase shift, δ,where the external wave fun
tion 
an be written as
C(e2iδeikr − e−ikr)/r.4) Show that for low energy δ = ak where a is 
onstant (the s
atteringlength). Find the 
onstant a.5) Show that a is the value of the s
attering amplitude at zero energy wherethe full s
attering amplitude is given by

f(θ) =
1

2ik

∞
∑

ℓ=0

(2ℓ+ 1)(e2iδ − 1)Pℓ(cos θ)and Pℓ(x) is the Legendre polynomial.6) Sket
h the behavior of a as a fun
tion of K0 up to 6 (take R=1 for yoursket
h).



Problem 2Let a†, a denote the raising and lowering operators of a harmoni
 os
illatorwith frequen
y ω.a.) Consider the Hamiltonian
H = ~ω(a†a+ 1/2) + λa†a†a†aaa .Give the spe
trum of H.b.) Consider the Hamiltonian

H = ~ω(a†a+ 1/2) + λ(a†a†a†a† + aaaa) .Taking λ to be a small parameter in this 
ase, give the spe
trum of Hto se
ond order in λ.



Problem 3Starting from the produ
t basis, 
onstru
t an orthonormal 
oupled basis(labeled by well-de�ned total spin squared and z-
omponent of total spin) ofthe spa
e of spin states of three spin-1/2 obje
ts. Consider the obje
ts to bedistinguishable.



Problem 4A neutron is lo
ated above a perfe
tly re�e
tive surfa
e at z = 0, with onlythe earth's gravitational �eld a
ting on it.1. Write the S
hrödinger equation with the potential 
learly de�ned.(2 points)2. Show, by doing a variable transformation, that this is the Airy equation.(3 points)3. Make use of the boundary 
onditions to demonstrate that the energyeigenvalues are quantized and express these eigenvalues in terms of λn,the zeros of the Airy fun
tion: Ai(λn) = 0; 
al
ulate the ground-stateenergy in eV. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4 points)4. Is the se
ond Airy fun
tion, Bi(x), also an a

eptable solution? Explain.(1 point)Notes:1. The Airy equation is ψ′′ − xψ = 0 with the Airy fun
tions Ai(x) andBi(x) as solutions; these are shown in the �gure below2. The �rst zero of the Airy fun
tion Ai(x) is λ1 ≃ −2.3383. The neutron mass is m ≃ 940MeV/c24. ~ = 1.054× 10−34m2kg/s5. Take the speed of light to be 3 × 108m/s6. A useful 
ombination of 
onstants is ~c ≃ 197MeV fm



Problem 51. An ele
tron spin in a magneti
 �eld is des
ribed by the Hamiltonian
H = µB

~B · ~σwhere σi are the Pauli matri
es. At time t = 0 the ele
tron is in thestate ψ(0) =

(

1
0

) when a magneti
 �eld ~B = B0~ex is applied, where
B0 is 
onstant.a. Write down the time-dependent S
hrödinger equation i~ ∂

∂t
ψ = Hψfor the spinor ψ(t) =

(

α(t)
β(t)

) (1 point)b. Cal
ulate ψ(t) at time t by solving the time dependent S
hrödingerequation with initial 
ondition ψ(0) =

(

1

0

) (2 points)
. Use this result to 
al
ulate (2 points)
〈Sz(t)〉 ≡

1

2
ψ†(t)σzψ(t)2. Two parti
les with the same mass m are bound by a harmoni
 os
illatorpotential in 3 dimensions

H = − ~
2

2m
~∇2

1
− ~

2

2m
~∇2

2
+
k

2
(~r1 − ~r2)

2a. Write down the Hamiltonian in the 
enter of mass frame. (1 point)From this point on, 
onsider the Hamiltonian in the 
enter of massframe.b. If the two parti
les are indistinguishable parti
les with spin zero,what is the energy of the two lowest allowed states? (2 points)
. If the two parti
les are indistinguishable parti
les with spin zero,what is the degenera
y of the �rst ex
ited state? (2 points)


